
2. E.E. l~:halil, D. B. Spalding, I. H. Whitelaw, "The calculation of local flow properties in two-dimensional 
furnaces," Int. J. Heat Mass Transfer, I_~8, No. 6, 773-791 (1975). 

3. A. Chorin, "Numerical solutions o~ the Navier-Stokes equations," Math. Computations, 2_22, No. 104, 745- 

762 (1968). 
4. T.D. Taylor and E. Ndes "Computation of viscous fluid flow in a channel by using the method of split- 

ring," Numerical Methods in Fluid Mechanics [Russian translation], Mir, Moscow (1973), pp. 218-229. 
5. S.V. Patankar and D. B. Spalding, 'A calculating procedure of heat, mass andmomentum transfer in three- 

dimensional parabolic flows, ~ Int. J. Heat Mass Transfer, 15, No. i0, 1787-1806 (1972). 
6. P. Roach, Computational Hydrodynamics [Russian translation], Mir, Moscow (1980), 
7. B.V. l(sxttorovich and B. A. Bairashevskii, "Experimental investigation of jet spreading out in a bounded 

space," Heat and Mass Transfer [in Russian], Vol. i0, Minsk (1968), pp. 94-102. 
8. M.G. Ktalkherman, "Investigation of separation flows in a channel (flow structure and heat elimination)," 

Author's Abstract of Candidate's Dissertation, Novosibirsk (1971). 
9. G.M. Druzhinin and A. V. Arseev, "Heat elimination by convection from bounded jets," Metallurgical 

Thermal Engineering [in Russian], Metallurgiya, Moscow (1974), pp. 172-178. 

HEAT CONDUCTIVITY OF THE ADJOINING PLATES WITH 

A PLANE HEAT SOURCE BETWEEN THEM 

I. M. Fedotkin, E. V. Verlan, 
I. D. Chebotaresku, and S. V. Evtukhovich 

UDC 536.2:643.343.320.191.8 

The heat conduction problem in a two-layered plate with a plane heat source between the layers 
is solved by the introduction of an unknown heat flux determined later from a Volterra integral 
equation of the second Idnd by the Bubnov-Galerkin method. 

The Laplace t r a n s f o r m  method has l imited appl icat ion in solving heat  conduction p r o b l e m s  in two and 
mul t i l aye red  walls  because  of the complexi ty  of executing the invers ion  of the t r a n s f o r m .  A method is known 
fo r  the reduct ion of such p rob l ems  to the solution of Vo l t e r r a  type in tegra l  equations of the second kind in the 
untmown heat  flux on the junction between the walls [1-3]. 

However ,  as is shown in [3], finite in tegral  t r a n s f o r m s  resu l t  in a solution in the fo rm of infinite poor ly  
convergent  s e r i e s  requi r ing  the applicat ion of spec ia l  methods to improve  the i r  convergence .  Moreover ,  r e p -  
resen ta t ion  of the kerne ls  of the Vo l t e r r a  in tegral  equations in the fo rm of infinite s e r i e s  does not p e r m i t  ob- 
taining the exac t  solution of the p r o b l e m  in analyt ic  f o rm .  

It is expedient  to use approx imate  methods based on the combined uti l ization of the Laplace in tegral  t r a n s -  
f o r m  mid the Ritz or  B u b n o v - G a l e r k i n  method to solve heat  conduction p r o b l e m s  in mul t i l aye red  walls .  Such 
a method is developed in [4] fo r  bodies of the s i m p l e s t  shape.  In this case  the solution of the V o l t e r r a  in tegra l  
equations re la t ive  to i n t e r l aye red  t h e r m a l  f luxes ,  and the re fo re  the solution of the p r o b l e m  is a l so  success fu l ly  
obtained in analytic form since the kernels of the integral equatio~Is consist of the simplest analytic functions 
without series. 

It is shown in [4] that numerical values of the temperature fields obtained by using approximate and exact 
solutions agree with high accuracy. 

The heat conduction problem considered in this paper is that a plane heat source, independent of the co- 
ordinates and time, acts between two infinite plates starting from a certain time. The heat transfer at the outer 
surfaces of the plates occurs according to the Newton law for a constant heat transfer coefficient. The thermo- 
physieal characteristics of the plates are independent of the temperature. The temperature of the plates at the 
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ini t ial  ins tant  T O is constant  in the coord ina te  and equals  the t e m p e r a t u r e  of the su r round ing  m e d i u m  T m, The 
o r ig in  is  on the ou te r  su r f a c e  of the left  wal l  such  that  0 <_ x = 6~, 6 2 = 51 + (5 2 - 51), 61 is the th ickness  of 
the left,  and 6 2 - 6 ~ is the th ickness  of the r igh t  wall .  

The p r o b l e m  is wr i t t en  as fol lows in d i m e n s i o n l e s s  f o r m :  

O0~ = K~ azO~ 
0 F----~" - . -~,  i =  1, 2, (1) 

Fo = O; 01 (X, O) = e~ (x ,  o) = o, (2) 

X = O; 001 - =  Bi~01, (3) 
OX 

X = X 1 ;  el=@~, a@:t K~ ae~ =Rio,  (4) 
OX 3X 

X = X~; O0~ = Bi 2 0.,., (5) 
OX 

where  0 <_ X ___ X 2, 0 <- Fo  <_ • K a i ,  KX' Ki~ Bil,2 a r e  cons tan t s .  

Because  Kd 0 = eonst  the p r o b l e m  (1)-(5) f o r m u l a t e d  can  be s e p a r a t e d  into two s i m p l e r  p r o b l e m s ,  Let  us 
use the notat ion 0i = ui + vi, where  u i is the s t a t i o n a r y  componen t  and v i the nons t a t i ona ry  componen t  of the 
t e m p e r a t u r e  f ield.  Then on the bas i s  of the p r inc ip le  of supe rpos i t i on  of f ie lds ,  we have 

O2ui = 0 ,  ] =  1; 2, Oul ] 
'OX 2 - - ~  x=~ = Bi~ul, Ul!x~x, =u~lx~x,, 

Ou~ x=x, = Bi2u2' 0ttl . 0U,, [ 
- o - T -  7 Z -  - K o. 

(6) 

The so lu t ion  of the p r o b l e m  (6) is the following: uj = cl jX + c2j, eli = KioKlj[1 + Bi2(X 2 - X1)] /A,  Kli = 
B I  l ,  K12 = 1 ,  c2j  = KIoK2j(1 + X1Bil) /A,  K21 = - B i  2, K22 = 1 + X2Bi 2, A = KXBi2(1 + X1Bi 1) + Bill1 + Bi2(X 2 - X1)]. 
The nons t a t i ona ry  p a r t  of the t e m p e r a t u r e  f ield is d e s c r i b e d  by the s y s t e m  of equat ions :  

Ov~ Ka, 0%~.__0, i =  I" 2, (7) 
O Fo OX 2 ' 

Ov, x=o= Bilvl, (a) Vllx=x, = Vdx=x, (c) (8) 
OX 

X=X~ 001 X=X~ " OO~ X X, Ov2 = Bi2v.2, (b) - ~  / % - ~ - -  = = O, (d) 
OX 

V I ( X ,  O) = - -  Lt I ( X ) ,  D 2 ( X ,  0 )  = - -  u 2 ( X ) .  ( 9 )  

The potent ia ls  v 1 and v 2 a r e  i n t e r r e l a t e d  by means  of the boundary  condit ions (8). In t roduc ing  the unlmown 
heat  f lux funct ion Ki(Fo) on the junct ion be tween the p la tes  [3] we sepa ra t e  the p r o b l e m  (7)-(9) into two inde-  
pendent  p r o b l e m s  fo r  vl and v 2. We h e r e  wr i t e  the condit ions fo r  equali ty of the heat  flux (Sd) between the p la tes  
in the f o r m  of two equat ions  

Or1 [ = Ki (Fo), (10) 
aX x~x, 

Or2 } _ 1 Ki(Fo). (11) 
ax Ix=x,- 

After such a separation, the potentials v I and v z remain interrelated by condition (8c). 

Applying the Laplace transform to (7)-(10), we obtain for the left plate 

02V-I 
OX 2 pvl - -  Fa ( X )  = O, 

(12) 
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Ov~ x=o= Bitvt; Ov~ aX OX x = x ,  = Ki (p), (13) 

where FI(X) = cnX + 012. 

We s e e k  the solution of the p rob l em  (12)-(13) in the fami ly  of ftmctions of the f o r m  [4]: 

(' ~___L_+ x)~(p)+ 2 a~(p),p~(x), vl(X, p) ~, Biz h=l 

(14) 

where Ck(X) is a certain system of coordinate functions satisfying the homogeneous boundary conditions (13). 
Such functions for the problem (12) -(13) are 

1 N2--XI X X1 .)X~_(h-,). (15) 
*h(X) = 2 - -  Bi--T- 

F o r  a given se lec t ion  of functions Ck the solution (14) sa t i s f i es  the boundary conditions (13) exact ly,  and the 
d i f ferent ia l  equation (12) approximate ly ,  whereupon the following res idual  is obtained: 

c?2v: 
~k ~ (p) . . . . .  a~ (p), Xl  ax  pv~ - -  F~ (X) ~ O. 

Let us demand the residual be orthogonal to the coordinate functions Cj(X): 

XI 

!' ~ [aL (p), 2~ (p) . . . . .  ~ (p), x l  , j  (x)  d x  = o. 

Solving (16), we obtain a s y s t e m  of a lgebra ic  equations to de te rmine  the coefficients  ak(P): 

(16) 

.~ (p) . - j ~  - ;B}2) (p), (17) 

where 

~j~ = ~j (X) dX; ~ih = ~k (X) ~ (X) dX; 
aXZ o 

5}~>(p)=p-~(p) 1 @ X  $j (X)dX@ I FI(X)~i(X)dX = p ~ ( p )  D}]>@D]~ I. 

Setting n = 1, 2, o r 3  in (17), we obtaka t runcated s y s t e m s  of Bubnov -Ga le r l dn  equations of the f i r s t ,  s e c -  
ond, o r  th i rd  o rde r ,  f r o m  which we de t e r r  Ane the coeff icients  Ek(p). In engineer ing computat ions sufficient  a c -  
cu racy  fo r  p rac t i ca l  computat ions is achieved in solving t runcated  s y s t e m s  of f i r s t -  o r  s e c o n d - o r d e r  equa -  
t ions (17). 

Solving the t r u n e a t e d f i r s t - o r d e r s y s t e m  (17) and applying the inverse  Laplace  t r a n s f o r m  to ~k(P), we find 
the solution of the p rob l em  for  the left  plate 

[' ] vl (x, Fo) = ~ + X + A1,1 (X) Ki (Fo) - -  A~R~,I (X) • 

Fo 

• j" e -R'G~176 Ni (0) dO -k B ~  (X) exp (--R~Fo), (18) 
0 

where  

5 3 5 4 
A1 = B~,--~ ~ -  x~ 

2 - 2 4 1 
B~',)= -~-  X~ @ 3Bi----7 XI -~- - - ~  X?, 
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1 ( 1 ~ 1 X Q "  
~ =  B~---r- -2  - x ,  + B~---7- ' 

.1 (X) = l j _  X~ - -  Xl X - -  Xl/Bil. 
2 

We obtain the solution for  the right plate in an analogous manner: 

1[ 1 1 v~ (X, Fo) = ~ X -- X2 --  ~ -~ K~(pt (X) --  A2R.~% (X) • 

Fo 
X f e-~'(v~176 (0) dO + Bd.h (X) exp (-- R~ Fo), 

0 

(19) 

where 

A~. = 1 +  Bi~X,. [_j.__l X1 ( X ~ -  X ~ ) -  
,-,11 ,x;j~a Biz 

- B~-T_ ( x ~ - -  x l )  �9 ,-,,~(~)~', ~,~,~'~ (x~ - x~) - - 5 -  (x~ - x~) - --2B~ ~'~ - x b  ; 

cz, [ 1 (X~__XI)+ XI X 3 N X o ] 
B~? L-- -U -~- ( 2 -- xb + ~ ( ~ -- xb + B2- 

�9 1 + B~ 2)cn [__6_1 (X~--X~)+-2-Xx (X2- -X~)+~N (X.2--Xa) -; 

1 [ @ X  3 X~ X 2 N ] 

B~])-- KI L 20 ( ' - - - - ~ 1 ~ )  3 - - ' - - B i 2  2 Bi~ 

Bi2 
N = X 2  .... X I +  ~X~.--X1X~Bi2; 

(+ ) e~j (X) = X 2 -  X1X--  N X2(i_f) 
Bi~ 

The unknown heat flux Ki(Fo) is determined by substituting (18) and (19) into (20), whereupon a Vol ter ra  
integral equation of the second kind in Ki(Fo) is obtained. Because of the s implici ty  of the functions in (18) and 
(19), the integral equation can be solved analyteially by an operator  method. 

The solution has the form 

where 

2 
Ki (Fo) = X ( -  I)/r exp [V~ (X) Fo], 

]=1 

% i =  (On (X) v~ (X) --' (P,~ (X) , 
v~ (X) --  v, (X) 

(h~ (x )  = ~ [ 8 ~  (x)  - -  B~,I (x)],  
M ( x )  

1 
(~12: ~ [Bll])I (X) R2 - -  Bo.qh (X) Rd; 

M(X)= 1 +X§ Xe- -X  + 1 qh(X), v(X)- -  
Bil K~ K~Bi~ 

(20) 

are  roots of the equations 
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M (X) p~ + B (X) p + c (X) = O, 

B (X)  = M (X) (R, q- Ro~) - -  A~R,9~ (X) -~- A2R2~ I (X), 

c (X) = R~R~.M (X) - -  A~R~R~, (X) q- A2R~R2% (X). 

The roots uj(X) correspond to the physical meaning of the problem if they are real and negative. 

Substituting (20) into (18) and (19), we find the explicit form of the functions vi(X, Fo), i = i, 2, and taking 
account of the expression ~i = ui + vi the solution of the problem in final form becomes 

where 

2 
~i = cilX -~ ci.~ -7 ~ (-- 1)iWii (X)e vi(x)F~ Wia (X)e -RiF~ (21) 

]=1 

&R~!~ (X) oPt(i/:) (X) 
W,j = • (X) ~2<j/2)-- 

Ri - -  vi (X) 

2 

Wia(X) =A~RI~(X) ~ (-- 1) ]+1 (P~(i/2)(X) --Bi~i(X), i-= ] 1; 2, 
j:, R~ § ~j (X) 

1 
~1 (X) - -  -~- X -~ Alq;1 (X), 

Bix 

• (X) = X -- X~.--- Bi---7- + K~% (X) /Kx. 

The app rox i m a t e  so lu t ion  (21) of the p r o b l e m  (1)-(5) p e r m i t s  computa t ion  of the t e m p e r a t u r e  f ield in 
p la tes  with not m o r e  than 5% e r r o r  f o r  Fo  -> 0.05 [4]. In c o n t r a s t  to  the solut ion of p r o b l e m  (1)-(5) obtained 
in [3], the solut ion (21) p e r m i t s  computa t ion  of the t e m p e r a t u r e  f ield in a t w o - l a y e r e d  plate without involving 
n u m e r i c a l  me thods  to d e t e r m i n e  the funct ion Ki(Fo).  

NOTATION 

Kal  = a l / a  I = 1, Ka2 = a 2 / a  I, K k = X 2 / X I ,  Bi = ~62/k  1, Blot c r i t e r ion ;  Ki 0 = q o 6 2 / h l ( T M -  Tc) , K i r -  
p ichev  c r i t e r i o n ;  Fo  = ra i /6 ~, F o u r i e r  c r i t e r ion ;  | = (T - To ) / (T  M - To), d i m e n s i o n l e s s  t e m p e r a t u r e ;  T o = T s,  
t e m p e r a t u r e  of the  su r round i ng  med ium;  Tm,  m a x i m u m  t e m p e r a t u r e  of the m a t e r i a l ;  qo, in tens i ty  of the  plane 
hea t  s o u r c e ;  and X = x / 6 2 ,  X1 = 6 1 / 6  2, X2 = 6 2 /6  2 = 1. 
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